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1. Let G be a connected semi-simple algebraic group over the alge-
braically closed field k. Let r be the rank of G, i.e. the dimension of the 
maximal tori of G. If x E G, we denote by Gz the centralizer of x in G 
(which is an algebraic subgroup of G). 
We will prove here the following: 
Proposition 1. Any centralizer Gz contains an abelian algebraic sub-
group of G with dimension -;;;.r. 
The corresponding result for semi-simple Lie algebras over C, the field 
of complex numbers, was proved by KosT.ANT ([1], Th. 5.7). It is easily 
seen that his result is equivalent to the statement of Prop. 1 for the case 
that k =C. However his proof does not carry over to the general case. 
It follows from Prop. 1 that the dimension of a centralizer in G is at 
least r. The elements x of G with dim Gz=r are called regular (for an 
extensive discussion of these see [4]). Prop. 1 has the following conse-
quence: 
Proposition 2. If xis a regular element of G, the identity component 
of its centralizer Gz is abelian. 
If x is regular and semi-simple this is a well-known fact (see e.g. [2] 
p. 7-03 Th. 2 and p. 12-09 Th. 2): then the identity component of Gz 
is a maximal torus. Notice that in this case Gz itself need not be abelian, 
a counterexample is G=PSL(2), x=diag (i, -i}, where i2= -1. The same 
example shows that Gz may be disconnected. 
The main interest of Prop. 2 lies in the case that x is a regular unipotent 
element (by [4], Th. 1.2 these exists, and any two of them are conjugate 
in G). In that case it may be shown, moreover, that Gz itself is the direct 
product of the center of G and a unipotent group which is disconnected 
only for special values of the characteristic of k (which can be read off 
from the root system of G). In characteristic 0 this group is always con-
nected. For details about these matters see [3], § 4. 
It is not known to the author whether Gz is always abelian if x is a 
regular unipotent element. 
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2. Proof of Proposition 1. 
Fix a maximal torus T of G, so dim T = r. Put V ~ = G JT x Ti and define 
a morphism ft: Vt -+ Gi by 
Call X, the closure of ft(Vt) in Gi. Since Vt is irreducible (because G and 
T are connected), ft( Vt) is irreducible and so is its closure X,. Let Pi be 
the morphism of Gi onto Gi-1 defined by 
Now we have the following facts: 
(i) If (xb ... , Xt) EX,, then the x, commute. 
For this is true if (xb ... , Xi) is in the dense subset /t( Vt) of x~. 
(ii) Pt induces a surjective morphism of X, onto Xt-1· 
(iii) the fibers p,-1(x) n x, have dimension ;;;.r(x E Xt-1). 
(ii) and (iii) will be proved below. 
From these facts one deduces Prop. 1 in the following manner. Let 
x E G. Consider finite ordered subsets S = {x1, ... , xi} of Gx, such that 
(x, X1, ... , Xt) E Xi+l· It follows from (ii) and (i) that such S exist. Let 
Z(S) be the centralizer of Sin Gz. We take T = {Yb ... , YJ} such that Z(T) 
has smallest dimension. By (iii) this dimension is at least r. Now if 
(x, y1, ... , Yi> z) E Xi+2, we have z E Z(T) by (i). Also the centralizer of 
{y1, ... , Yi> z} in Gx is contained in Z(T) and has, by the choice ofT, the 
same dimension as Z(T). This implies that z centralizes the identity 
component of Z(T). By (iii) this implies that the center of Z(T) has 
dimension ;;;. r. This proves Prop. 1. 
Proof of (ii). It follows from the definitions that p,(f,(Vt))= 
= ft-1(VH), which implies that Pi(Xi) C Xt-1· Let 8 be the morphism 
Gi-1 -+ Gi defined by 
8(x1, ... , Xi-1) = (xb ... , Xt-1, e) 
where e is the unit element of G. Clearly Pi o 8 is the identity, also 
8{/H(Vi-1)) C /i(Vt), whence 8(Xt-1) C X,. It follows that 
Xi-1 = Pt(s(Xi-1)) C Pt(X,), 
which implies (ii). 
Proof of (iii). We first prove that dim Xt=n+ (i-1)r, where 
n =dim G. Let t be a regular element ofT (these exist). Then f,-1(t, ... , t) 
consists of all (xT, X1, ... , Xt) with x1 ET, xx1x-1=t. Since tis regular, the 
same holds for the x1. However since a regular semi-simple element of G 
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is contained in only one maximal torus ([2], loc. cit.), x must normalize T. 
Since T has finite index in its normalizer in G ([2], p. 6-14 Th. 6 and 
p. 12-09 Th. 2), there are only finitely many possibilities for the coset xT. 
It follows that f,-1(t, ... , t) is finite. By a well-known inequality for the 
dimension of fibers of morphisms it follows that dim X,=dim Vt= 
=n+ (i-1)r. From this (iii) follows, using again the inequality. 
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